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Weakly Hyperbolic Systems by Symmetrization 

F. Colombini0 T. NishitaniH and J.Rauch H 


Abstract 

We prove Gevrey well posedness of the Cauchy problem for general 
linear systems whose principal symbol is hyperbolic and coefficients 
are sufficiently Gevrey regular in x and either lipschitzian or holderian 
in time. Such results date to the seminal paper of Bronshtein. The 
proof is by an energy method using a pseudodifferential symmetrizer. 

The construction of the symmetrizer is based on a lyapunov function 
for ordinary differential equations. The method yields new estimates 
and existence uniformly for spectral truncations and parabolic regu¬ 
larizations. 
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1 Introduction 

A partial differential operator in t,x € is called hyperbolic when 

t = 0 is non characteristic and the characteristic polynomial has only real 
roots r for arbitrary ^ G ]R‘^\0. For the first order systems that we consider, 

d 

Lu = dtu-'^Aj{t,x)dxjU + B{t,x)u = /, u{0,-)=g, (1.1) 

i=i 

the coefficients Aj and B are mxm matrix valued. The principal symbol is 

d 

A{t,x,C) := '^Aj{t,x)ij . 

i=i 

Hyperbolicity, assumed throughout, means 

Vt,G M X X M'^, SpectrumA(t,X,C M. (1.2) 
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For the noncharacteristic Cauchy problem, (II.2p is a necessary condition for 
the Cauchy problem to be well set for non analytic data. The condition is not 
sufficient for well posedness for C°° data. For most non strictly hyperbolic 
scalar operators, most lower order terms lead to initial value problems that 
are ill posed in the C°° category above. The generic ill posedness holds even 
if the coefficients are real analytic functions or even constant. 

For real analytic hyperbolic operators, [9] and [20] showed that for Gevrey 
initial data, with 1 < s < sqj there are Gevrey solutions. No condi¬ 
tions of E.Levi type is needed. It came as a surprise to many, including us, 
when Bronshtein (2| proved that the Cauchy problem for linear hyperbolic 
partial differential operators whose coefficients are finitely smooth in time 
and Gevrey in x is well posed for Gevrey data. Bronshtein, Ohya-Tarama 
m, and Kajitani m, |15] used parametrix constructions either by exam- 
inig the resolvent close the imaginary axis or by Fourier Integral Operator 
constructions. The papers |3], m, HE], HZ] use energy methods of increasing 
complexity. In this paper we introduce an energy method that we think is 
as simple as the very simplest of these and also very natural. Our estimates 
are proved while ignoring the detailed behavior of the eigenvalue crossings. 
We call this as working with our eyes shut. 

A standard approach to proving well posedness for Gevrey data for hyper¬ 
bolic systems is to multiply the reference system by the operator of cofactor 
symbol to reduce to scalar operators. That approach has at least two de¬ 
fects. First applying the cofactor matrix requires that the coefficients have 
a number of derivatives in time roughly equal to the size of the matrix. 
Second, this totally ignores the system structure. For example if a system 
is merely two copies of a strictly hyperbolic system, the cofactor approach 
immediately replaces the problem with one that is much less well behaved. 

We study first order hyperbolic systems and prove Gevery well posedness, by 
proving a priori estimates by constructing a pseudodifferential symmetrizer. 
The symmetrizer is motivated by a special Lyapunov function for asymp¬ 
totically stable constant coefficient first order systems of linear ordinary 
differential equations. The proof not only gives straightforward a priori es¬ 
timates, but also clarifies some effects coming from the block structure of 
the system. It does not at all look closely at the eigenvalue crossings and 
that is its principal strength. 

This paper discusses only the existence and uniqueness of solutions. The 
method of |6] gives the natural precise estimate for the influence domain. In 
particular this allows one to eliminate our hypothesis that the coefficients 
are independent of x outside a compact subset of space. 


2 


To our systems we associate, in Hypothesis 12.11 an index 0 < 0 < m — 1. 
The value of 6 measures roughly whether the Taylor polynomial of degree 
N = max{20, m} of the symbol can be uniformly block diagonalized with 
blocks of size 9 + 1. It is always satisfied with 6 = m — 1. 

The functions uniformly Gevrey s on are denoted Q^{W^) and those of 
compact support by In the results below, the Gevrey index sq is 

cruder, that is smaller, than the sharp results of valid in special cases. 

The result for coefficients lipshitzian in time is the following. 

Theorem 1.1 Suppose Hypothesis \K1\ is satisfied. Define 

2 + 6(9 3 + 40 'I 
1 + 60 ’ 2 + 40/ ■ 

For some 1 < s < sq suppose the coefficients Aj{t,x) (resp. B{t,x)) are 
lipschitzian (resp. continuous) in time uniformly on compact sets with values 
in the elements of that are constant outside a fixed compact set, 

g € and f € ; 0q(M'^)). Then there is a Tq > 0 and a unique 

local solution u G (^([O,Tq] ;^q(M'^)) to the Cauchy problem (II.ip . 

Remark 1.1 The proof shows in addition that for all constants c > 0 and 
T > 0 the interval of existence can be chosen uniformly for the data satis¬ 
fying 

j ^ dt < oo. 

An analogous remark applies Theorem 11.21 

The next result concerns equations with coefficients Holder continuous of 
order k in time. 

Theorem 1.2 Suppose that 0 < k < 1 and that Hvpothesis \2. 1\ holds. De¬ 
fine 

2 + 30 r 2 + 60 3 + 401 1 

2 + 30-k 11 + 60 2 + 40// 

Suppose that the map the t Aj{t, •) (resp. t e-)- B{t, ■)) is k Holder con¬ 
tinuous (resp. continuous) in time uniformly on compact sets with values in 
the elements that are constant outside a fixed compact subset of 

R'^, g G ^^(R'^), and f G ; ^^(R'^)). Then the conclusion of Theorem 

\1.1\ holds. 
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The idea of the symmetrization is easy. We multiply by a positive hermitian 
pseudodifferential operator to derive estimates. The change of variables 
V = replaces the operator L by L — a{D)P. Choosing a » 1 and 

0 < p < 1 appropriately, the matrix 

M{t,x,C) = + B{t,x) - a{^y 

has spectrum with real part < —(0^ For the ordinary differ¬ 

ential equation X' = MX, the positive definite matrix 

fOO 

R{t,xy) := / ds 

Jo 

defines a strict lyapunov function, that is RM+M*R < 0. Our symmetrizer 
is based on R{t,x,D). This multiplier method has many advantages. For 
example, it yields estimates uniform in e for the regularized operators 

5i + x(eZ))(^A,a, +i?)x(eZ)), X e x(0) = 1, 

j 

as well as for parabolic regularizations, 

dt + '^Ajdj + B — e A. 
j 

The first is used to prove existence and is related to the spectral method 
analysed in [7] . This yields two more ways that these very weakly hyperbolic 
equations are in line with other hyperbolic Cauchy problems. 


2 Gevrey operators 

2.1 Symbol classes and conjugation 

Denote 

(e)£ := Vj^+W = jVTTWW (2.1) 

where .£ > 1 is a positive large parameter. We write (^)i = (^) and note 
that (0 < {0e<m- 

Definition 2.1 // 1 < s < oo, the function a(x) E belongs to 

if there exist C > 0, A > 0 such that 

VaeN'^, \d^a{x)\ < 

Denote := C Co°°(R'^). 
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Definition 2.2 For 0 < 6 < p < 1, the function a{x,f,;i) € x 

belongs to 5™^ if for all a, /3 £ there is Cap independent of such 

that 

Denote S™ := Sf^o- 

Definition 2.3 For 1 < s, m € M, the function a{x,f,;i) £ C'°°(R'^ x R*^) 
belongs to if there exist C > 0, A > 0 independent of £, x, ^ such that 
for all a, (3 ^ N'^, 

\dld1a{x,i-,l)\ < CA\^+P\ |a + /3|!MOr'“'- 

We often write a{x,ff) for a{x,f,,£) dropping the £. If o(x,^) is the sym¬ 
bol of a differential operator of order m with coefficients Oq(x) £ ^^(R'^) 
then a{x,f,) £ 5^^ because and \dxaa{x)\ < 

CaA^i\l3\\" for any /3 £ N'^. 

Proposition 2.1 Suppose 1/2 < p < 1, s = 1/p, and a(x,^) be m x m 
matrix valued with entries in and d^a(x,^) = 0 outside \x\ < R with 

some R > 0 if \a\ > 0. Then the operator b{x,D) = a{x, is 

for small |r| a pseudodifferential operator with symbol given by 

|a|<A: 

with R{x,f,) £ 5 max{p-fc(i-p),-i-rp} _ -id/dxj. 

Proposition 12.11 is not new. For completeness a proof is given in ^ 

If a were real analytic in x then the sum on the right would be 

E {-wT = a{x-iyA) + y = rV^{f,)/. 

|a|<fc 

For large y tends to zero because p < 1. Therefore, this is a very small 
displacement in the complex direction. In the early work of [9], m the 
coefficients were analytic and one could make such complex displacements. 
For our problems, the coefficients are not analytic and the replacement for 
complex displacement is to put complex arguments into Taylor polynomials. 
An alternative strategy is to take an almost analytic extension of a that 
satisfies the Cauchy-Riemann equations with error 0(|y|°°) at y = 0. 
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Corollary 2.2 If a{x,f) G then D)e G Op 5° for 

small |t|. 

Proof: Choose k so that p — k{l — p) < 0. Then Dfa{x,f){TV^{f)'^)^ G 
5-(i-p)l"l ^0 for a G The assertion follows from Proposition 12.II □ 

2.2 The block size barometer 9 

Introduce an integer valued parameter 0 < 0 < m — 1 that measures the 
extent to which the principal symbol can be block diagonalized by matrices 
bounded with bounded inverse. For example in the strictly hyperbolic case, 
blocks of size 1 are attainable. By convention 9 is one smaller than the 
block size. Block size m and therefore 0 = m — 1 is always possible. The 
definition of 9 is not directly given in these terms. The relation to block size 
is discussed in the examples below. 

Assume that Aj(t,x) G (^^(M; and all eigenvalues of A{t,x,f) = 

Aj {t, x)f,j are real for any [t, x) G MxM'^ and f G From Proposition 
[Q for any T > 0 and compact set AT C there exist <5 > 0 and c > 0 such 
that if C is an eigenvalue of 

( j n 

E (2.2) 

|o+/3|<m 

then |lmC| < c|s| for any \{y,ri)\ < 1, x G AT, |^| < 1, \t\ < T. Dehne 

^ el"l 

'Hr{t,x,^;e) := V —DfA{t,x,f)C. 

a! 

|Q:|<r 

Choosing (y, p) = 0) in (|2.2I) we see that there is cq > 0, c > 0 such that 

is an eigenvalue of "Am(A=► IlmCl^clel (2-3) 

for any x G AT, |^| < 1, |e| < cq, |t| < T. Introduce the following hypothesis. 

Hypothesis 2.1 Assume the system is 0-regular with integer 0 < 0 < 
m — 1 in the sense that for any T > 0 and any compact K there exist 

C > 0, c> 0 and cq > 0 such that with N = max{20,m} 

W „CS€ 

—— < < —4^, (2.4) 

- II II - ^ ^ 

for all s > 0, 0 < e < eo, |^| = 1, x G AT, \t\ < T. 
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A system that is 0-regular is ^-regular for all 0 < (^ < m — 1. 
Denote 

|a|<Ar “■ 


The definition of "Hat implies that 

HN{p,i,T,t,x,^) = X , rpi^yf^Y 

Choosing s{C)£, (r > 0), C/iOi for ■?, e, ^ in ([23]) yields 


^9 


ciO 


9{l-p) 




< 




< 


C{0 


9{l-p) cst{Q''^ 


for \t\ <T, i > £q where t,£o are constrained to satisfy 

0 < < eo- 


(2.5) 


( 2 . 6 ) 


Example 2.1 Estimate (12. 4p always holds with 6 = m — 1. Indeed write 
T-Ln = Tdra + Ttv where ||L 7 v|| < Take an orthogonal matrix T such 

that T'HmT~^ to be upper triangular. Let S = diag(l, e,..., e™"^) then 
ST'Hm{ST)~^ = diag(Ai,..., Am) + K with ||Ar|| < Ce. From (|2.3I) we have 
|lmAj| < ci|e|. This proves that Re(iS'T'H7v(5T)“^X, A)| < ClellXp for 
any A e C'^. Therefore 6"“^ < ||(5T)e“^^(S’r)-i|| < for 0 < e < eo 
with some c > 0, eo > 0 because ||S'TLjv(*S'T)“^|| < Ce. Since < 

Ill'll < (j tiiis proves 


Example 2.2 If A{t, x, ^) is uniformly diagonalizable then ()2.4p holds with 
0 = 0. Indeed, by assumption, there exists T = T(t,x,^) with uniform 
bounds of ||r|| and ||r“^|| independent of {t,x,f) such that T~^A{t,x,ff)T 
is a diagonal matrix. Considering T~^e'^^^'^T we may assume that iHm = 
diag(iAi,... ,iXm) + Ai, ll^ill < Ce where Xj are real. This proves clearly 

e"“7(7 < ||e“^’"|| < Ce“L 


Example 2.3 If for any (t,x,^;e) there is T = T{t,x,f,-,e) with uniform 
bounds o/||r|| and ||T“^|| independent of {t,x,f,]e) such that T~^'HmT is a 
direct sum T,(DAj where the size of Aj is at most p. Then (12.411 holds with 6 = 
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/i—1, which follows by a repetition of similar arguments in ExamDle l2.ll Our 
results are the first results that take account of this purely system behavior. 
That is roots of high multiplicity but small blocks behave according to the 
size of the blocks and not the multiplicity. 

Example 2.4 If there is r € N such that for any (t, x, e) we can find 
c{t, X, e) € C such that 

Rank{7imit, x, e) - c{t, x, e)l) < r . 

Then hypothesis (j2.4|) holds with 9 = r. 


3 Hyperbolicity and spectral bounds 

Suppose C is open A{t,x) G is an m X m matrix 

valued function. Assume that 

For all {t,x) gIRx SpectrumA(t,x) C M. (3.1) 

Define 

H{t,x,y,s) := ^ 

, , 

\a\<m 

The values H{t,x,y,is) for y / 0 and s real give an extension of A to 
complex arguments t,x + isy. 

The next proposition is the main result of the section giving spectral bounds 
on the Taylor polynomial H. 

Proposition 3.1 Assume dSH). For any T > 0 and compact set AT C D 
there exist d > 0 and C > 0 so that for all x G K, |t| < T, \y\ < 1 and 
kl < S, 


C is an eigenvalue of H{t,x,y, is) |lmC|<C'|s|. 

3.1 Quantitative Nuij 

The first step in the proof of Proposition 13.11 is to prove a quantitative 
version of Nuij’s root splitter ([IB]) due to Wakabayashi [21] (see also P 
Lemma 3.1]). 
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Lemma 3.2 (Nuij) If P[Q is a monic polynomial in C, of degree m all of 
whose roots are real define for s S M, real Ai(s) < A 2 (s) < • • • < Am(s) so 
that (1 + sd/d()^P{f) = n^i(C “ Then there exists c = c{m) > 0 

so that for s S M, 

Afc+i(s) - Afe(s) > c|s|, j = 


Proof: Let P{C) = njLi(C “ Aj) with Ai < ••• < Am and consider for 
I = 1,... ,m + 1, the successive Nuij splittings for s > 0 (the case s < 0 is 
similar), 

m 

{i + sd/dC)^-^p{0 = X{{C-x\{s)), 
i=i 

where A5 ^(s) < • • • < X\_i{s) < X\{s) < ■ ■ ■ < A(„(s). Compute 


hi{C,s) 


(l + sd/dCyP{C) 

(1 + sd/dcy-^p{c) 


I + sj2 


i^i C-A^(s) ■ 


(3.2) 


Consider the passage from the roots of the denominator called mother roots 
to the roots of the numerator called daughters. The derivative dhi/dC, is 
strictly negative on each interval not including a mother root, and lim|^|^cxD h = 
1. The graph of h below has four mother roots where the dotted verticals 
cross the horizontal axis. The mother roots toward the right may have high 
multiplicity. 



There is a simple daughter root to the left of the mother roots and a new sim¬ 
ple daughter root between each of the mother roots. Each multiple mother 
root becomes a daughter root with multiplicity reduced by one and gives rise 
to a daughter root to the left. Each simple mother root yields a daughter 
to left. The {A^^'^^(s)} are all real, separate the {A)j(s)}, and the first ones 
are simple. That is, 

X{+\s) < X\{s) < A'+Hs) < A'2(s) < • • • < X^^\s) < Xl{s), 
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-^l(s) < ^2(5) < • • • < A|_]^(s) < A|(s) < • • • < Xln{s) ■ 


We prove by induction on / > 2, that there exists c; > 0 such that 

Ai(s) - AU(s) > CIS, k = 2,...,L (3.3) 

The summands s/(C~ Aj (s)) in ()3.2p are all negative to the left of the mother 
roots. For I = 1 the first is equal to —1 when = A((s) — s. Therefore 
/ii(A} — s,s) < 0. The root Af(s) located where the graph of hi crosses the 
axis and therefore to the left of A{ — s, so Af(s) < A} — s. 

From A^s) > X\ it follows that A 2 (s) — Af(s) > s. Therefore (13.3p holds 
with C 2 = 1 when I = 2. 

Suppose (|3.3p holds for 2 < A: < L Prove the case / + 1. In (|3.2I) with 
C = A^(s) — 6s the last m — k + 1 terms are negative and the first k — 1 terms 
do not exceed 1 /(A|j(s) — 6s — A|,_j^(s)). Therefore by (13.3h . 


^KAi(s) - 6s, s) 


< 1 + 


s{k — 1) 

AL(s) -5s-A^_i(s) 


1 fc- 1 1 

- < IH-. 

(f - Cl-6 6 


The right hand side vanishes when 6 = [k + ci — \/{k + ciY — 4c;)/2 > 0. 
We have hi{\^j^{s) — 6s, s) < 0. Therefore < X^f.{s) — 6s. Define 

Q+i := min [k + ci - y/{k + CiY - 4q)/2 > 0 


Then 


Ai;^\(s) - A^+Hs) = A'4\(s) - Xi{s) + Xi{s) - A'+^(s) 

> Ai(s) - A'+^(s) > ci+is 

for k = 1,... ,1. This completes the inductive step, so yields (13.3p for I 
m + 1. 


□ 


3.2 Three lemmas 

This subsection presents three lemmas needed in the proof of Proposition 
13.11 Dehne 

Q{C,t,x,y,s) := det {(I - H{t,x,y,s)) . 

Then Q{C, t, x, 0, s) = det ((" — A{t, x)) and for real t, x, y, s, 

q{C,t,x,y,s) = det{CI - A{t,x + sy)) = det{CI - H + Rm+i) 

= Q{C,t,x,y,s) + R{C,t,x,y,s) 
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where i?(C, t, x, y, s) is a polynomial in ( of degree m — 1 with coefficients 

o(isr+i). 

The next lemma examines what happens when the Taylor expansion and 
root splitter are applied simultaneously. Apply Nuij’s root splitter to obtain 
polynomials with distinct roots denoted with a tilde, 

m 

q{C,t,x,y,s) := (1 + sd/dC)"^q{C,t,x,y,s) = ]J(C - Xj{t,x,y,s)), 

Q(C, t, X, y, s) := (1 + sd/dC)'^Q{C,, t, x, y, s) = ]J(C - Aj{t, x, y, s)). 

i=i 


Lemma 3.3 If I x K C Mxfl is compact, there is sq > 0 so that for 
{t, x, s) G I X K X [—So, So] and \y\ < 1, all roots f of Q = 0 are real. 


Proof: We may assume that x + sy G H when {t,x) G I x K, \y\ < 1 and 
Is] < sq. The dehnitions (13.41) imply that q{(, t, x, y, s) — Q(C, t, x, y,s) = R 
where R{C, t, x, y, s) is a polynomial in of degree m — 1 with coefficients 
(^(|g|m+i) uniformly in {t,x) G I x K, \y\ < 1. Lemma 13.21 implies 

\Xj+i{t,x,y,s) -Xj{t,x,y,s)\ > c(m)|s| . 

Let Cj be the circle of radius c(m)|s|/2 with center Xj{t,x,y,s) so that 
|g(C, t, x, y,s)\ > (c(m)/2)'”|sp if C G Cj. Since |g(C, t, x, y, s)-Q{C, t, x, y, s)| < 
Rouche’s theorem implies that there exists si > 0 such that there is 
exactly one root of Q{(,t,x,y, s) inside Cj for jsj < si. Since Q{C,,t, x,y, s) 
is a real polynomial, the root must be real. □ 

Lemma 3.4 Suppose that Q{X,i, x,0,0) = det(A/ — A{i,x)) = 0. Then 
there exists d > 0 such that when |C —A| < 6 , \t — t\ < 6 , \x — x\ < 6 , \y\ < 6 , 

|s| < 6, one has Q{f,t,x,y,s) / 0 i/ lm(^ < 0, Ims < 0 {or ImC > 0, 

Im s > Oj. 


Proof. Definep(C,La:) := det(C — A(f,x)) = ^))- IflmC<0, 

Im s < 0 then 


Indeed, 


Q{C,t,x,0,s) = {1 + sd/dC)"^p{C,t,x) / 0. 


{1 + sd/dC)p{C,t,x) ^ ^ u \\ 

-- = l + s^l/{C-X,it,x)) = 0 


k=l 
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implies that x)) = — 1 /s so that Im YlT=i ^)) > 

0 provided that Im Xj{t,x) > 0 for all j, which is a contradiction. 

That is {1 + sd/d()p{C, t, x) = 0 implies Im ( > 0. It is enough to repeat this 
argument. Since Q{X,t,x,0,0) = 0 and Q{C,t^x,0, s) is a polynomial in s 
of degree m with leading term ms'^, we can find di > 0 so that the roots s 
of 

Q{C,t,x,y,s) = 0 

with |s| < So are continuous in {(,t,x,y) for |C — A| < 5i, |t — t| < (5i, 

lx - x| < 5i, lyl < (5i. 

Suppose that Q(C) i, x, y,s) = 0 with Im (/ < 0, Im s < 0, |s| < sq, |C“A| < di, 
\t — t\ < 6i, |x — x| < 5i, |y| < (5i. Moving C little bit if necessary, we 
may assume that Im^ < 0. Consider F{6) = min|g( 0 )|<^p lms(0) where the 
minimum is taken over all roots s{9) of 0(C) x, By, s) = 0 with |s(0)| < sq. 
Since T(l) < 0, F{0) > 0 there exist 9 and s{9) such that Im s{9) = 0 which 
contradicts Lemma 13.31 

The proof for the case ImC^O, lms>0is similar. □ 

Lemma 3.5 Assume (13.ip . Let {t,x) G M x and let X be an eigenvalue 
of A{t,x) with multiplicity r so that det(A — A{i,x)) = 0. Then there exist 
(5 > 0 and c > 0 so that for all |A — A| <6, \t — t\ <6, |x — x| < 6, \y\ < 5 
and |s| < 5, 

|(5(A + zs, t, X, ?/, fs)| > c |s|'’. (3-5) 

Proof. For \t — i\ < 6 , |x — x| < d, |y| < 6 , |s| < 5 define / := {i | 
Aj(t, x,0,0) = A} and I'^ := {i \ Aj(t, x,0,0) / A}. Then, 

Q{C,t,x,y,is) = Yl{C - Aj(t,x,y,is)) (C - Aj(t, x, y, zs)) 

jei j&i<^ 

:= Qi{C,,t,x,y,is) Q 2 {C,t,x,y,is). 


Lemma 13.41 implies that ± Im Aj(t, x, y, is) > 0 if ± s < 0 and j G I. This 
shows that if M >0, then 

|0i(A + iMs, t,X,y,is)| > 2“’'/^ (|A — ReAj| + M|s| + |lmAj|) 

j&i 

for small s G M. The right-hand side is bounded from below by 

(|A — ReAjI-|-M|s|-|-|lmAj|) (3.6) 


12 


for all 1 < A: < r. We prove that there are Ck such that 

m 

Q{C,t,x,y,s) = Q{C,t,x,y,s) + '^ci{sd / dO’‘Q{C„t,x,y, s). (3.7) 

i=i 


The definition of Q implies 

{i-sd/dcrQ = {i-sd/dcni + sd/dCTQ = {i- . 
Repeating this argument yields 

(1 + • • • (1 + s^5V5C^)(i - sd/dcrQ = (i - 

where the right-hand side coincides with Q if Al > m 1. 

For \s\M < 1, note that 

I ((s5/(9C)^Qi) (A + iMs, t, X, y, is)| 

< EiT n (|A-ReAj|+M|s| + |lmAj|) 

1 Jl —A; 

< M~^\Qi{\ + iMs,t,x,y,is)\ 


by (j3.6p and 

\{{sd/dC)^Q 2 ){\ + iMs,t,x,y,is)\ < C\s\^. 

Leibniz’ rule yields 

\{sd/dQ\QiQ 2 ){\ + iMs,t,x,y,is)\ 

i 

< \Qi{\ + iMs,t,x,y,is)\ 
j=o 

< M~^\Qi{\ + iMs,t,x,y,is)\ 

because M\s\ < 1. Therefore using (|3.7I) . \Q{X + iMs,t,x,y,is)\ is bounded 
from below by 

|(52(A + iMs,t,x,y,is)\^\Qi{\ + iMs,t,x,y,is)\ 

m 

- C'^M~''\Qi{X + iMs,t,x,y,is)\\Q 2 {X + iMs,t,x,y,is)\~^'^ . 
i=i 
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Choosing M > 0 large yields 

\Q{\ + iMs,t,x,y,is)\ > c\Qi{\ + iMs,t,x,y,is)\ > cM'^\s\^ 
because 

\Q 2 {X + iMs,t,x,y,is)\ = JJ \\ + iMs — Aj{t,x,y,is)\ > ci > 0. 


Since 

Q{X + is,t,x,y,is) = Q{\ + iM{M~^s),t,x,My,iM~^s) > c|s|'’ 
the desired conclusion follows. □ 


3.3 Proof of Propsition I3.l1 

Proof. Suppose that {t,x) G {\t\ < T} x K and Xj are the distinct eigen¬ 
values of A{t,x) = H{t,x,0,0), possibly with multiplicity greater than one. 
Then there is 5 > 0 such that Lemma (3.5I holds for any j. Taking 0 < < 5 

small one can assume that |ReC — A^| < S for some y, if Q{C,t^x,y,is) = 0 
and \t — t\ < (5i, \x — x\ < (5i, \y\ < 5i, |s| < (5i. 

Suppose that there were \t — t\ < 5i, \x — x\ < (5i, |y| < (5i, |s| < (5i and ("j 
such that 

|lmCi(C^,y,'S)| > \s\. 

Clearly y / 0 and s / 0. First suppose that Im x, y, s) > |s|. Introduce 

A(0) := max |lm X, 0y, s) : |ReCj — A^| < • (3-8) 

Note that A(0) = 0 and A(l) > |s|. Since A{ 6 ) is continuous there exist I 
and 6 such that A(0) = |s| so that (i{t,x, 6 y,s) = a + i|s| with a G M and 
Q{a -|- i|s|, t, X, 0y, is) = 0. This contradicts Lemma ES] if s > 0. 

If s < 0 then H{t, x, 6 y, is) = H{t, x, —9y, —is) yields Q{a—is, t, x, — 6 y, —is) 
0. This contradicts Lemma I3.5I 

If Im (j (£, X, y,s) < — |s| it is enough to consider the minimum in (I3.8I) . Thus 
we conclude that if Q{(,tjX,y,is) = 0 with \t — t\ < di, |x —x| < di, |y| < di, 
|s| < (5i then |lmC| < jsl. Since {\t\ < T} x K is compact there is (I 2 > 0 
such that |lm Cl < |s| if QiCAj^jUAs) =0 and |t — t| < S 2 , |x — x| < 82 , 
\y\ < 82 , |s| < 82 - The identity 

H{t,x,y,is) = H{t,x, 82 y,i^ 2 ^^) 

yields the desired conclusion. □ 
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4 The symmetrizer construction 

4.1 Lyapunov function for linear ODE 

Suppose that M is a matrix all of whose eigenvalues lie in the open left half 
plane {Rez < 0}. The solutions X{t) of the ordinary differential equation 

X' = MX 


tend exponentially to zero as t —)■ oo. 

Lyapunov proved that there are positive dehnite symmetric matrices R so 
that the scalar product {RX,X) is strictly decreasing on orbits. For differ¬ 
ential equations the quantity {R- , •) is called a Lyapunov function. In the 
partial differential equations context, R is often called a symmetrizer. 

There is a very clever explicit choice 

roo 

R= / {e^^Ye^^ds. (4.1) 

Jo 

For that R, compute 

/•OO 1*00 

RM + M*R= / e^^*e^^Mds + / ds 

Jo Jo 

Jo Jo 

= r ds = -I. 

Jo 

Therefore 

j^{RX{t),X{t)) = {RX'{t),X{t)) + {RX{t),X'{t)) 

= {RMX{t),X{t)) + {RX{t),MX{t)) 

= (^{RM + M*R)X{t),X{t)^ = -{X{t),X{t)), 

proving that (i? •, •) is a strict Lyapunov function. 

The last identity is easily understood. With X{t) = e*^X(0), the definition 
of R yields the identities for s > 0. 

poo poo 

(RX(0),X(0)) = / \\X{t)f dt, {RXis),X{s)) = / \\Xit)f dt, 

Jo Js 
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and the formula for [RX,X)' follows. 

For applications to partial differential equations one has matrices M that de¬ 
pend smoothly on parameters and it is important that the symmetrizers also 
depend smoothly. The standard constructions of lyapunov functions depend¬ 
ing either on Schur’s unitary upper triangularization or Jordan’s canonical 
upper triangularization do not have smooth dependence. Formula (14.ip in 
contrast does depend smoothly on parameters. It pays no attention to the 
spectral details of M. Where eigenvalues cross and the associated spectral 
projections usually misbehave, the formula for R does not. 

The identity RM+M*R < 0 is important. It implies a negativity of symbols 
that translates, thanks to the sharp Carding inequality, to a negativity of 
operators in our application. 

4.2 Symmetrizer R and its derivatives 
Assume (12.4p and hence (j2.5p . Define 

:= - a 

with 

0 < /? < 1 < min{a,.£} (4.2) 

Proposition 13.11 implies that there is an oq > 1, c > 0 so that 

SpectrumM C : Rez < c{aQ — a) . 

We suppose that 

a > oq -|- 1. (4.3) 

The parameters r, a, T are constrained to satisfy 

Cl < CT < T, 2 cT < a (4-4) 

for some T > ci > 0 . For ease of reading, the i, r, a, p dependence of M 
and R is often omitted. Introduce the candidate symmetrizer 

poo 

R{a,£,T,p,t,xY) ■■= a / (0," ^s. 

Jo 

We need lower bounds on R so that it yields good estimates and need to 
verify that R defines a classical symbol. Interestingly, we do not need that 
R is a Gevrey symbol. 
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The parameters i, p, a are constrained by 

1 < o < £^-P. 


(4.5) 


Since lle^-^H = e (|4.4p implies 

< ||gSM|| < g_c2as{0? 

with Ci,C > 0 independent of i, r, a, t, x, s. This yields 

roo 

{Rv,v) = a vW"^ ds 

Jo 

/ X 

Jo 

This is equivalent to the important lower bound 

R > (4.6) 


Theorem 4.1 Assume ()2.4p . p4.4p with K = with 0 < 6 < m — 1. 
Denote v := 0(1 —p). Suppose that A{t, x, ^) is lipschitzian in time uniformly 
on compact sets with values in the S^(M'^ x M'^). Then R{t,x,f,) (resp. dtR) 
is bounded in time uniformly on compacts with values in ]^_p_|_^(M'^ xR*^) 


and (resp. x W^)). That is for all a, (3, 

\d^,d^R{t,x,0\ < 

\d^dptR{t,x,0\ < 

with Cap independent of a, p,£,T,t,x,f,. 

Remark 4.1 The estimate for dxd^dfR is exactly the same as the estimate 
for an a derivative dfd^R with I 7 I = |/3| + 1. The time derivative is like an 
extra space derivative. 

Proof. Denote 

X{s;t,x,^) := X^{s;t,x,^) := dJd^X{s;t,x,^). 


e' 
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Step I. Estimates for X^. We prove, by induction on |a + /3|, that 

|X^(s)| < + + ^ (4.8) 

The constraint ()4.5p implies that 

a(0£~^ < 1) and 1 < (4.9) 

The identity (^}£ = (-{Htj from ()2.1I) implies 

|8{(0II < ®r'“' so. ^({>f = (»/SC)“(C>l5.j/,. 

Introduce 

E{s) := (0£ 

so that |X| < E{s) and E{s)E{s) = {^Yf^E{s + s). The desired estimate 
(14.81) is equivalent to 

|x^(s)| < C«^(s + (07')'“' (l + s(0£)'^' E{s)- ( 4 . 10 ) 

Equations ()4.4I) and ()4.9p imply 

(4.11) 


For |a| = 1 differentiate the equation for X to find, 

X" = + X“(0) = 0. (4.12) 


Then (14.lip and Duhamel’s representation yield 




f 


Y^-s)M^{a)x ds 


< 


r E{ 

4o 


s — s) E{s) ds 


= »(£)?£(«) < (s + («T) «)?£(«). 


Similarly for |/3| = 1, Xj^ = MXp + M(^j 3 'jX with Af^(O) = 0 so 

\XY < r E{s-~smeE{s)ds < siOiiOeEis) < {1 + s{0emiE{s). 
Jo 

This proves p4.10l) for |a + /3| = 1. 

Assume k > 1 and that (|4.1Up holds for \a + I3\ < k. It suffices to prove 
(I4.10p X'^ with I 7 + 5| = k + 1. Differentiation of the equation for X yields 

X^ = MX^+ Y1 > ^^(0) = 0 . (4.13) 

0-1+0:2=0: , ^1+^2=^ 

Q:i+/5i7^0 
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Diihamel’s formula yields 


oi+/3i?^0 ^ 

The inductive hypothesis estimates the right hand side by 

< rsis - 

ai+/3i^0-^° 

^ E " + (07')'“^' (1 + ^^)KI«2+/32|+1) ^ 

ai+/3i^0 

(4.14) 


If |/3i| > 1 so that I/ 32 I < |/3|, then 

and the right-hand side of (|4.14l) is bounded by (|4.10l) . If |/3i| = 0 so that 
P 2 = P and I ail > 1, 

< (s + (07^)'“^' (4-15) 

< (^ + (07')'“' 

implying the same conclusion. This completes the inductive proof of (|4.10l) 

Step II. Estimates for dtX^. Differentiating the equation X = MX with 
respect to t or with respect to x are entirely parallel. With the exception that 
one can only take one temporal derivative because M is only lipschitzian in 
t. The result is a bound for X^ that is the same as the bound for X with 
one more x derivative that is 

< (^ + (07')'“' (l + s(0£)'^'^' (^)KD+/3|+1) 


Step III. Estimates for R^. Begin with the estimate from Leibniz’ rule, 

O I p _ p 0 


q;4+q:2+Q:3=cx 


Thanks to (j4.8p . the integrand in (I4.17p is < 

a ( 0 r'“''(s + ( 07^)'“'^“"'(1 + s(0£)l^l+^2|^^^^(l/3+«-«il+2)g-ca«{0?g-ca.{0^ _ 
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Using the pair of estimates 


+ = {asiOe +a{Oe^^'’)a ^( 0 / < {as{0e + '^)a 

^ + s{0i = + 1 < {as{Cy^+ l)a~^{C)]~^, 

yields 

roo 

\d^d?R\ < a-l^+“l iOj / a(l + as(0^)'^+“' (Oi ds, 

Jo 

with 

q := {1 - p)\f3\ - p\a\ + i/(|/3 + a\ + 2) = 2^ + {1 - p + i')\f3\ - {p - i/)|q;| . 
Use (1 + e-cas(^)^ < 1 to find 

roo 

\d^.d^R\ < a-l^+“l iOt / ds < (0,^ 

do 

This is the first estimate of (j4.7p . 

Step IV. Estimates for dtR^. As in Remark 14.11 the estimate for the 
time derivative is the same as taking one additional space derivative. The 
details are left to the reader. 

This completes the proof of Theorem 14.11 □ 


5 Theorem II.IL examples and proof 

Begin with some examples illustrating the conclusion. 

Example 5.1 If A{t,x,^) = uniformly diagonalizable 

then one can take d = 0 so that Theorem o holds with 1 < s < 2. This is 
the sharp index. In m Kajitani has proved that the Cauchy problem for 
uniformly diagonalizable system is well posed in when the coefficients 

are smooth enough in time. For 2x2 uniformly diagonalizable systems with 
coefficients depending only on t, more detailed discussions on the regularity 
in t are found in [5]. 

Example 5.2 We can always take 9 = m — 1 and Theorem 11.11 holds with 
1 < s < (4m — l)/(4m — 2). 
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Example 5.3 If (12.4p holds with 6 = ^ — 1, 2 < fj, < m — 1 one can choose 
1 < s < (4/x — l)/(4/x — 2) in Theoreni ll.il This is not sharp for m = 2. 

Proof of Theorem ll.lL Step I. Compact support in x. Choose R > 0 
so that the support of /, g, and ^t,xB are all contained in {|a:| < R}. 

Denote by Cmax an upper bound for the propagation speed for the constant 
coefficient hyperbolic operator L on |x| > R. 

Finite speed result applied in |x| > R implies that u vanishes for |x| > 

R T ^max^ foi t ^ 0. 

Step II. First a priori estimate. Consider (II. 1|) . Set v = 
with small T to be chosen below. Define 

and / := Compute 

j^[R = {dtR v,v) + {R{iA + B- a{D)P)v,v) 

+ {Rv, {iA + B - a{D)1)v) + {Rf, v) + {Rv, /). 

(5.1) 

For any 0 < ci < T, ci < T — at < T for 0 < t < {T — ci)/a. If T > 0 is 
small, Proposition 12.11 implies that A = H]\j + K with 

K £ ^max{p-Ar(l-p),-l+p} ^ ^^ 2) 

Corollary 12.21 implies B € S^. 

Since iA — a{D)'^ = M + iK the right-hand side of (15.ip is equal to 

{dtR V, v) + {(RM + M*R)v, v) + {Rf, v) 

+ {{R{iK + B) + {iK + B)*R)v, v) + {Rv, /). 

Recall that M £ and R satisfies (14.7p . Therefore 

i?#M + M*#R = RM + M*R + Ki = - a{iY^ + Ki 

where aKi £ with bound independent of a large (see e.g. [8l 

Proposition 18.5.7]). Choose ui > gq so that if a > oi one has Ca~^ < 
3a/4. Then, 

—a{{D)'^u,u) + Re{Kiu,u) < —a||(D)^^^u|p-|- 
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provided 


p>l — p + 2>v equivalently, p > (1 + 30)/(2 + 30). 

Note that adtR G with a-independent bound so 

R&[dtRu,u) < Ca-^\\{DY/‘^uf 
if 2p > 1 + Zv, that is p > (1 + 30)/(2 + 30). 

Using ()5.2p . R G SY-,^^i-pj^,yi and, B £ yields the pair of estimates 

\{{RB + B*R)v,v)\ < C\\{DYvf < 

\{i{RK - K*R)v,v)\ < < C'\\{Dy/^vf 

because 2z^ + p — A^(l — p) = (20 — A^)(l — p) + p < p and 2i/ — 1 + p < p 
when 2p > 1 + Sv. In addition, 

\{Rfv,v)\ + \{Rv,f)\ < 2\\{D)f^Rv\\\\{D)ff\\ < C\\{D)j’^v\\\\{D)rf\\. 
Thus there exist c, (7 > 0 so that 

j^(Rv,v] + ca\\(D)fvf < C||(D),-''t,||||(D)f/||. (5.3) 

The dehnition of R together with (|4.6p and (14.4p show that if Ti < T and 
0 < t < Ti/a, then R = R* > 

Introduce the metric 

G := • (5.4) 

Then G/G'" = Since H = a2(e)f G 

S'((G/G°')“^/^, G) and H > 0, the sharp Garding inequality ( [HI Theorem 
18.6.7]) yields 

{Hv,v) > -G||uf. 

Write 

H = a2(e)f- c + K 

where K G 5(1, G). Introduce u := {D)^ to hnd 

{Hv,v) = a?{{R — c{D)j'^^)u,u) + {Kv,v) 

> -G||uf = -G||(T))7^+^/^+%f. 
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Since \{Kv,v)\ < C'||'(;|p = it follows that 


{Ru,u)-c\\{D)j’^uf > 

If —L' > 2i/ + 1/2 — /o, that is 

^ 1 + 60 
^ - 2 + 60 

then there is a c' > 0, io > 0, so that for i > Iq. 

{Ru,u) > c' \\{D)j’^u\\'^ . 

Integrating (15.3p yields 

< c|KD)i;o(0)||" + 2CM f\\(D)fi\\ 

JO 

where M := supQ<.r<j \\{D)'^^v{t)\\. Therefore 

[m-c l\\{D)ff\\dry < [v~c\\{DyM0)\\+cl^imffWdi 

which gives 


(5.5) 


dr. 


||(D)7-»(t)|| < 2V^IKO)?»(0)I| + 20 


/‘||(D)r/||dT. 

JO 


This proves the following important a priori estimate. 

Proposition 5.1 If p > (l + 60)/(2 + 60) then there exist T > 0, a > 0 and 
^0 > 0 such that for any Ti < T one can find C > 0 such that for all u so 
that dl^u G T^([0,r] ; for I 7 I < 1, 

< C||(ZJ)/e^<^>?«(0)|| +C f \\{D)f Lu\\dT 

Jo 

for 0 < t < T\/a and I > Iq, where v = 0(1 — p). 

Step III. Second a priori estimate. For some values of p and 0, one can 
improve the estimate for the left hand side u\\ in Proposi¬ 

tion [5Tj Recall that dtu = iA(t,x, D)u + B{t,x)u + f and v = 

Then, 


.mcr-atluf = _2a\\{D)fvf 


^^n|| =-2a|KU,, ^ ^ ^ 

+ {{iA + B)v,v) + {v,{iA + B)v) + {f,v) + {vj). 
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Since iA + B £ one has \{{iA + B) v, v) + {v, {iA + B)v)\ < C\\{D)y^v\\^ 
so 


||v(t)f < |b(0)|p + C f \\{D)y^vfds + 2 f \\v\\\\ffdT. 

Jo Jo 

Replacing v by {D)^ yields 

+ C f\\{D)fvf dr + 2 f \\{D)y-^'>^^\\\\ffdT. 
Jo Jo 

On the other hand, the reasoning leading to (15.31) yields 

jyRv,v) + ca\\{D)fvf < c\\{D)y-^^/\\\ 


If 


(/o — l)/2 > —p + 1/2 + 2z/, equivalently, p > (2 + 40)/(3 + 40) (5.7) 

then we can control {Rv,v) taking ()5.5I) into account. Since (2 + 40)/(3 + 
40) > (1 + 36)/ (2 + 30) and 2i/ — (p — l)/2 > 0 if (j5.7p is verified then 

\\{D)y-^'>/\{t)f < c\\{D)M0)f + 2CM dr 

Jo 

where M := supo<T-<t ||(I?)£^ ^^'^^u(r)||. Repeating the same arguments 
proving Proposition 15.11 yields the following alternative a priori estimate. 

Proposition 5.2 If p > (2 + 40)/(3 + 40), then there exist T > 0, a > 0, 
and Iq > 0, so that for any Ti <T there is C > 0 such that for all u so that 
eiD)/{T-at)Qi^^ G L\[0,T] ; for [yl < 1, 

||^^)(p-i)/2g(D)-(T-at)^|| < c||(Zl)/e^<^>?u(0)|| 

+ C [ dr 

Jo 

for 0 < t < Ti/a and I > Iq, where v = 0(p — 1). 
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Step IV. Uniform estimates for regularized equations. Take xi^) G 
that is equal to 1 on a neighborhood of x = 0 and such that 
|x(^)l ^ 1- Consider regularized operator 

:= dt — x{hD)[iA{t,x, D) + B{t,x))x{hD) := dt — iA^ — B^. 

Denote 

Ih ^{Dy,iT-at)j^h^-{Dy,(T-at} ^ ■= L . 


Denote Xh{D) := x{hD) so 


Note that x/i(0 G uniformly in 0 < /i < ^ ^ because < Ul^l on the 
support of V^x(^0- 

Recall that A = Hjsi + K with K in (15.2p . Since it follows that 

xm#HN# xm = x\hi)HN + 

where e S^, uniformly in 0 < h < It is clear that Xhi^B^Xh G 
and XhH^K^Xh G >-i+p} uniformly in 0 < /i < 

From here on the pseudodifferential calculus is understood to be uniform in 
0 < h < Denote = x‘^{h^)HN so that 

T, t, X, 0 = xiihO iOe 'HN(t,x, ^/{^i ; . 

Choosing sxHOi, Tp{Oi~^ (t > 0)> C/iOi for s, e, ^ in ([23]) yields 


C{Of^ 





Define 

:= iH^{i,T,t,x,^) - t = T - at 

and the corresponding symmetrizer 


R^{t,x,() := 


roo 

/ «>f( 

Jo 




ds 
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Since ||e^'^^|| = e ||e^^^|| and 0 < < 1 one has 

^e^^y^d{i-p)^-c^as{i)Pjc < ||e"^'‘|| < 

with Cj > 0, (7 > 0 independent of 0 < /i < i and a. Since 

uniformly in 0 < /i < the estimates for are exactly the same as those 
for R, so one has ()4.7p with Ca/s independent of 0 < /i < £~^, £, x, ^ and a. 

Repeating the same arguments proving Proposition 15.II proves the following. 

If p > (1 + GO)/{2 + 60) then there exist T > 0, a > 0 and .^o > 0 such 
that for any Ti < T one can find C > 0 such that for all v so that v G 
C^([0,r];773^^(M'^)) 

11(D),< C||{D)?i,(0)|| + C [‘\\{D)l‘'L''v{T)\\dT (5.8) 

Jo 

for 0 < t < Ti/a and £> £o where C is independent of £ and 0 < h < £~^. 

Step V. Construction of solution. Next solve 

LV = {dt - iA^ - B^)v^ = f, u'*(0) = g. (5.9) 

Since iA + B ^ (^(M; S^) and Xh S S~^ with /i-dependent bound, it follows 
that iA^ + B^ G (^(M; 5*^) so is bounded from to for any 

A; G M. Therefore for any g G i7^(M'^) and / G {W^)) there exists 

a unique solution G (K] to the linear ordinary differential 

equation (15.9p . 

Assume 

j ^ ^{DYA^-at) j G L^([0,r'];7i'^^(M'^)), ~g = G . 

Denote T' := Ti/a and the corresponding solutions to (15.9p by G T']; 7f^^(M'^)). 

Then (j5.8p yields 

11(D),< C||{D)»|| + C /‘||(D)f/|| dT 

Jo 

for 0 < t < T'. Therefore {u^} is bounded in L°°([0, T']; Since 

L°°([0, T]-, {W^)) is the dual of T^([0, T']; 7f'^(M'^)), one can choose a sub¬ 

sequence (still denoted by {u^}) weak* convergent in T°°([0, T']; 7f“^(M'^)) to 
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V. It is easy to see that x{hD)v^ converges to v weakly in L°°{[0, T'],H 
Since iA+B maps L°°([0, T'], into L°°([0, T']; then x{hD){iA+ 

B)x{hD)v^ converges to {iA + B)v weak* in L°°([0, T']; Since 

it is clear that 

nT' j-T' 

/ {dtv’^,(l))dt^- {v,dt(p)dt 

Jo Jo 

for any (j) S (^(^((OjT') x it follows that v satisfies Lv = f and n(0) = g, 
that is 

^{D)P{T-at)j^^-{D)P{T-at)^ = / = ■ 

The equation Lv = f yields dtv G L°°([0, T']; which implies 

V G C([0, T']; Since u = we conclude that 

Lu = f, u{0) = g, {t, x) G (0, T') x . 

This completes the proof of existence of a solution u with = 

Step VI. Proof of uniqueness. Suppose that u is a solution with van¬ 
ishing data f,g. Define 0 < fi < Tq so that u vanishes on [0,fi] x but 
does not vanish on [0, fi + e) x for any e > 0. Need to show that ti =Tq. 
Suppose that ti < Tq. 

Using Remark 11.11 applied to the adjoint operator with time reversed, choose 
0 < f < To — ti and C S> 1 so that for F{t, x) compactly supported in x and 
satisfying 

J (^J |T(t,^)|^ ^ d^^ dt < oo (5.10) 

the adjoint problem 

L*w = F on (fi, ti + t) X = 0 

has a solution in C{[ti,ti +f] 

Both u and w being compactly supported in x belong to -|-f) x M'^) 

so integration by parts shows that with integrals over + t) x 


(u, F) dxdt = 


{u,L*w) dxdt = 


{Lu, w) dxdt = 0 , 


where the initial conditions u(ti) = w{ti + t) =0 eliminate the boundary 
contributions from t = ti,ti + t. 
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Since the set of such F satisfying (jS.lOl) is dense in t] x it 

follows that = 0 on [ti, ti +t] X Therefore u vanishes on [0, +t] x 

violating the choice of ti. Thus one must have ti = Tq proving uniqueness. 

Step VII. Proof of continuity in time. Compute dtu = 

dtv). Since a{D)'^v + dfV € L°°([0, T'];it follows that for any 

0 < c < T - Ti 

I (|u(t,e)|' + dc e L-([o,r']). 

This implies that u is continuous with values in 

This completes the proof of Theorem 11.11 □ 


6 Theorem II.2L examples and proof 

Before the details of the proof of Theorem ll.21 we present two examples that 
illustrate the conclusion. 

Example 6.1 If is uniformly diagonalizable we can choose 0 = 0 

and Theorem Ol holds with 1 < s < 2/(2 — k). This is weaker than the 
sharp condition s < 1/(1 — k) of [3] for uu — a{t)uxx = 0, a > 0. 

Example 6.2 If (j2.4p holds with 6 = ^—l,2<fM<m then the constraints 
on s read 

1 < s < min {(3/r - l)/(3/r - 1 - n) , {ifi - l)/(4/x - 2)} . 

This is far from the sharp bound s < 1+k/ 2 of [1] in the case utt—a,{t)uxx = 0 
with a > 0 and 0 = m — 1 = 1. 

Proof of Theorem 11.21 We present only the a priori estimate. Exis¬ 
tence and uniqueness then follow as in the preceding section. We follow the 
argument in [TB] (also [lO]). By hypothesis, 

\d‘^{Aj{t,x)-Aj{T,x))\ < 0<k<1. 

Choose y;(s) G C'^(M) such that x(s) = x(—s) with f xis)ds = 1. Define, 
with 0 < (5 to be chosen later, 

R{t,x,C) := (Of [ R{t,x,^) x{{t-T){C)j) dr. 
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Since \d^x{{t~T){Oi)\ ^ CaiOt Theorem l4.1l implies that R G S(^{0'j'^,G) 
with G from (15.41) . It is clear that R > 

Lemma 6.1 i?(t) — i?(r) G S'(|t — G) uniformly in t, t. That 

is, for all a, ft, 

\dl,d1{R{t) - R{t))\ < 

Sketch of proof of Lemma. It suffices to repeat arguments similar to 
those proving Theorem 14.11 □ 

Since 

R{t)-R{t) = {Of I iR{T)-R{t)) xiit-r) (Of) dr, 

Lemma l6 .1 1 implies that 

R{t)-R{t) G 

Similarly, 

dtR{t) = {Of j R{r,x,0 x'{{t-T){Oi) dr 
= (Of J {Rif - R{t)) x'{it - T){Oi) dr 

implies that 

dtR{t) G S((Of G). (6.1) 

With K = lA + B and / = f, one has 

^{R = {dtR v,v) + {R{K - a{D)P)v,v) 

+{Rv, {K - a{D)P)v) + {Rf, v) + {Rv, /). 
Adding and subtracting two terms, the right hand side is equal to 

{dtRv, v) + {R{K - a{D)'f)v, v) + {Rv, {K - a{D)f)v)+ 

{{R -R){K- a{D)0v, v) + {{R - R)v, {K - a{D)0v) + {Rf, v) + {Rv, /). 

For the terms 

{Rf, v), {R{K - a{D)P)v, v) + {Rv, {K - a{D)P)v), {Rf, v) + {Rv, f) 
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use the same estimates as in Section [5l For the other terms use 
R — R £ and K — a(^)^ G to find the pair of estimates, 

\{{R - R){K - a{D)P)v,v)\ + {{{R - R)v,{K - a{Dy,)v)\ 

\{dtRv,v)\ < 

li 3i^ + 2 — p — k 6 < p and 3iy + 1 — p + {1 — k) 5 < p then both terms are 
bounded by and can be absorbed in a Gronwall estimate. With 

K and V hxed the region in the 5, p plane described by the two constraints 
is bounded below by a pair of lines as the figure. 
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The minimal value of p satisfying the constraints occurs at h = 1 independent 
of K and u and yields 

39 + 2-K 

p > -. 

“ 39 + 2 

The desired a priori estimate follows. □ 


7 Appendix. The conjugation Proposition 12.1 

Lemma 7.1 Let a(x,^) G and assume 5“a(x,^) = 0 outside \x\ < R 
with some R > 0 if \a\ > 0. Set 

a{x,D) = b{x,D) 

where r G M then 6(x,^) is given by 

b{xy) = J e'^(^+ 2 '>e-^(^- 2 '>t a(x + y,^) dydp. (7.1) 

Proof: Write = r(^)^ and insert v = e~'^^^^u{y) = f e^^‘^~^^‘^^u(()dC 
into 

a(x,D) V = j v{y) dydydzdi 
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to get 

e^W„(.,D)e-^Wu = /e-</(x,C.f.)i(C)rfC 

where 

I = y e^i^^-^i+i^-y^v+yC-O dydr]dzd^. 

The change of variables z = {y + z)/2, y = {y — z)l2 yields 

I = 2^ J e*^«-2’?+C) dy J a{z, y) dydzd^ 

= 2^ j e-2h5-^)(r?-C)e0(2^-C) a(z,r?,/r) dydz 

= J a(x + ^X + ^) dydz 

and then 

.♦(«) a(.,D) e-*<-) „ = p(x,f) u(y) iyii = Op»(p)„ 

with 


p{x,i) = j e-^yy a(x + ^,( + ^'j dydy. 

Here we remark Op^(p) = b{x,D) with b{x,^) given by 

b{x,C) = J p(^x +-^,^ +-^^ dzdC. 


(7.2) 


(7.3) 


Indeed we see 

b{x,D)u = J ed^~y^^ u{y) dyd^ 

= J p(^ + ^,^ + ^) ^(y) hydedzdC 

^ J ^^i(.-y-.)i+.c) p( ^ + ^ + ^ c) n(y) «dzdC 

= /e«p(x,C)u(x-.)d.ciC = Op»(pK 
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Insert ()7.2p into ()7.3p to get 




a 

The change of variables 


alx + 


z + y 

a/2 


e + 


y + C\ 

V2 ) 


^ z + y 

~ V2 


y - 
V2 


C 


C + y - _ r? - C 
^/2 ’ V2 


gives 


b{x,C) 




proving (17.11) . □ 

Proof of Proposition 12.11 Insert 

a{x + y,C)= V ^T>Xx,0(iy)“ 

\a\<k 

+ E ^{iyr [\^-o)^Dy{x + ey,^)de 

\a\=k+l “■ 


into (I7.ip to get 

b{x,^)= V A / e-^y'^e^^^+2)-‘l>ii-^)D^a{x,C){iyrdydy + 

a\ I 

\a\<k 

E /e-*^'?e'^(^+2)-<^(«-i)(iy)“dyh?? / il-9)'^DUix + 9y,Od9. 

|aM+i ^ 

(7.4) 


Since e = (—cl,j)“e the first term on the right-hand side of (j7.4l) 

is 

-—- 1 MC^R\—A,(C—R\ 


E D^a{x,i). 

a! ' n=0 

|Q:|<fe 
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is a linear combination of 


Note that 2 ) 


r/=0 




S 

'^aj = a, \aj\>l. 
J=i 


Divide the linear combination into two parts; the sum over = 1, \aj\ = 
1 and the remaining sum called r. If |aj| > 2 for some j then s < |a| — 1 
and hence sp — \a.\ < —(1 — p)\a\ — p < —2 + p so that 

Then (j7.5p yields 

^ lDXx,0(rV5(0^")“ + r-, re 3 -^+^. 

\a\<k 


Define 


a\ ' 


= 2"'“' XI (-5^)^e-'^(^-2) 

H • I ‘ 


(9+7=0! 


where the second term on the right-hand side of (17.4p is, up to a multiplica¬ 
tive constant 


|q:|=A;+1 


{^,v)dydp f {l-9)’^D^a{x + 9y,^)d9 
Jo 

E / 1' e^^y{l-9)^Ha{^,9p)dpd9 I e-^yyD^a{y,^)dy. 


|cK|=fc+l 

Define Ea{p,^) := f e~'^yyD^a{y,^)dy and 


R, != x; 


++1 - 9)‘ +) E„{r,, 0 driM . (7.6) 


|cK|=fc+l ' 

Lemma 7.2 There is c > 0 such that for any 6 e N”, 


33 



Proof. Integration by parts gives 


v‘'dlEM ,0 = I dlD^+’^a{y,Ody. 

Then there exist constants A > 0 and Cg such that 

Choose minimizing that is {i^l ~ so that 

Returning to the proof of Proposition 12.11 note that Ha{^,r]) is a linear 
combination of terms 

</>(? + |) • • • 5f 0(e + - |) • • • - |) 


where Pj = f3, Yllj = 1 \/3j\ > 1, \'yj\ > 1, /3 + 7 = a. Since 

(C ± v/‘^)£ < we see 

For some 0 < 0 < 1 one has 

7 W?+ 1 ) - ««- 1 )) = E +T>+»«"%'*(« - Y>)' 

j=i 

(7.8) 


Then (^± 07 / 2 )^"^"I“I < ± 0?7/2)7l"l < C«(07'“'(7)1“' and 
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• • • 57 * 
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+ x - 


rj\ 

2J "V '2/1 

< a = oi H-hat 


yield 


Next prove that with some ci > 0, 

| 0 (C +7/2)-<('(?-7/2)I < ci|r|( 7 )^. 
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Indeed if £ + |^| > \rj\ then {^)i ~ (C ± 0ril2)^ for \0\ < 1 hence ()7.8I) gives 
!</>(? +r?/2)-(/>(C-r//2)| < C\t\ {r]) ± er]/2y~^ 

< C^\r\{v){Or' < C"\r\{vr. 

While if ^ + I'^l < \r]\ then ± r]j2)i < C{rj) and the assertion is clear. From 
(17.71) and (17.91) we have 

|5|F„(e,r?)| < (,,)l«l+2|-5| (7.10) 

From Lemma 17.21 and ()7.10l) one has 

|5|(77„(C,r/)ii;„(r?,0)l < C^s (^)i-l'5|-l“l(i-p) (^)l«l+2|5| e-(c-cdr|){,>^ 

where c > 0 is the constant in Lemma 17.21 If c — ci|r| > 0 then 

Since 1 — (A: + I)(l — p) = p — k{l — p), the assertion follows. □ 
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